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Geodesicson loop spaces
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The spaceof loops smoothlyembeddedinto aRiemannianmanifold, beinga principal
fibre bundlewith structuregroupDuff Si, is investigatedfrom a Kaluza—Klein type point
of view. In particular,the Levi-Civita connectionfor the naturalDuff S1-invariantmetric
on this loop spaceis calculatedandthe correspondinghorizontalgeodesics(the analogue
of classicalfree motion of point particles)arecharacterized.Finally, an explicit solution is
given in thecaseof loops in R3.
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The classicalfree motion of point particlesmoving in a finite dimensional
Riemannianmanifold (M, g = (, )) is describedby geodesicswith respectto
the Levi-CivitaconnectionV of g. In orderto examinethe analogueforthespace
of ‘unparametrized’loops in M, the configuration spaceof string theory,we
considerthe spaceE= E(S’,M) ofsmoothembeddingsy:S’ —~ M (dimM>
1). Equippedwith Whitney’sC°°-topologygiven by uniform convergenceof all
derivatives,E is an opensubsetof the smoothFréchetmanifold C°°(S’, M)
(cf. ref. [1,2,4—6,81).By ageneralizationof Whitney’sembeddingtheorem[51,
it is evendensein Ck (S1,M) for 0 < k < oo, if dimM > 3. Thus,although
havingexcluded(for the moment)all kinds of degenerateloopslike trivial or
self-intersectingloops, we may expectto get some informationalso for these
cases.

Reparametrizationof ioops amountsto a right actionof Diff S’ on E via
pull-back:

ExDiffS’ ~ ~

This makesE into aprincipal-Diff S’ -fibre bundleoverthe spaceof ourprimary
interest,whichis the spaceU = U (S’,M) of all submanifoldsof M diffeomor-
phic to S’ [1,6]. In addition,the total spaceE of this bundlecomesequipped
with a canonicalDiff S1-invariantRiemannianmetric G (definedbelow), which
inducesa connectionon E andaRiemannianmetric Gon U. As in the Kaluza-
Klein approach(cf. ref. [31),the projectionof horizontalgeodesicson E with
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respectto the Levi-Civita connection ‘ for G onto U aregeodesicsof O. The
topic of this paperis a closerdescriptionof theseconcepts(cf. [7] for details
andfurther results).

To start, let us first introducethe Q-lift which assignsfor two manifolds M1
andM2 to each~ E C~(M1,M2) the map

Q~:C~(S’,M1)~C~(S’,M2),y~Q~(y) = ~oy.

It playsan importantrole in concretecalculations,as will becomeclear in the
sequel.For the moment,just observethat the natural left actionof DiffM on
E is given via theQ-lift.

The tangentspaceT~Eof E atthe point y is the spaceof vectorfields along

T~E= {X E C~(S’,TM) I Qt~(X) = TMOX =

whereTM is thenaturalprojectionof thetangentbundleTM: TM —* M. (Exam-
ple: y’, the vectorfield alongy, which assignsto eachpoint the tangentvector
to the curvey at thispoint.)

For each tangentvector X~E T~Ethereexists a vector field X E X(M),
calledassociatedvectorfield, such that X~= QX (y) . Tensorfields on E are
thereforecompletelydeterminedby their values on Q-lifts of vectorfields on
M. Furthermore,althoughthereis no generalexistenceanduniquenesstheorem
for integralcurvesandflows of vectorfields on Fréchetmanifolds,eachvector
field QX E X(E) hasauniquelocal flow on E at y, namely the Q-lift of the
flow of X. For the Lie derivativeLQX definedvia pull-backthe following holds:

[QX,QY] =

1QxQY = Q (L~Y)= Q([X,Y])

LQXQJ_—Q(Lxf) (1)

for all X, Ye X(M) andf eF(M).
As mentionedbefore,E is aprincipalfibre bundlewith structuregroupDiff S’.

TheverticalsubspaceV~c T~,Eis thespaceof thosevectorfields alongy thatare
tangentto y(S’). In particular,the fundamentalvectorfield E~E TV c X(E)

of the rightactionof Diff S1 on E generatedby ~ E £(DiffS’) X(S’) is given
by

E~(Y)= (y~~)°?.
(Example:y’ = (Y*0s) o y, the fundamentalvectorfield correspondingto the
‘generatorof constantrotations’ 0~E X (Si ).)

Any smoothfunction ~.t: E —+ Vol(S’) which assignsto y E E a volume form
on S’ with correspondingmeasuredj.t

7, inducesa weak Riemannianmetric
on E:

G(y)(X~,~~)=fd~Y(s) (1y(s),Yy(s))Y(S) =f~~(X,fl)(~



U. Schäper/ Geodesicson loop spaces 555

for all X~,= QX(y), Y7 = QY(y) e T~,E.
The caseconcerningushere is the map ~uwhich assignsto each y e E the

Riemannianvolumeu~,correspondingto the metric y*g on S’. This leadsto the
naturalDiffS’-invariant metric

G(y) (2w, Y~) = f dsV
1(y’(s),y’(s))y(s) KZ(s), ~

on E, which is alsoinvariantunderthe left actionof the subgroupIso(M,g) C
DiffM of isometricsof g. Becauseof its DiffS’-invariance, G inducesacon-
nectionon E — assigningto eachy e E the horizontalsubspace7’I~= V~(the
orthogonalcomplementwith respectto G), which is the spaceof sectionsin
the normalbundleover the submanifoldy(S’) in M — anda metric O on U —

f.~(~)(~,)~)= G(y) (X~,Y~), where~ e 7-tv arethe horizontallifts of
~, 1~’~e T

2U for someye ir’(~).

We now sketch the proofof existenceanduniquenessof the Levi-Civitacon-
nection V correspondingto G. The problemis that for infinite dimensional
Riemannianmanifoldsthe six-term formulaof Levi-Civita

(VxY,Z) = ~{Lx~Y,Z)+Ly(X,Z)-Lz(X,Y)

—(X, [Y,Z]) — ~Y,[X,Z]) —F (Z, [X, Y])} (2)

merely guaranteesuniquenessof V, but tells us nothing aboutexistence.It is
thereforeuseful to havea brief look at the trivial metric G, inducedby the
constantfunction ~ = ds,becausean explicit definition of the correspond-
ing Levi-Civita connectionV canbegiven, for instance,via paralleltransport.
Moreover (2) yields by (1)

\7QXQY = Q (V.~Y), X, Ye X(M). (3)

So geodesicswith respectto on E aresimply‘collections’ of thoseof V on M,
hencetheyexistandareuniquelydeterminedby their initial values.

OncehavingV at hand,onecanuse(2) to proveexistenceanduniqueness
of the Levi-Civita connectionV, since itis uniquely determinedby the the
symmetrictype (2, TE) tensorfield S(X, Y) = V~Y— V~Y.In contrastto the

calculationfor ~ resulting in (3), the volume form ~ in the formula for G is

now a (non-constant)functionof y. So (2) containsterms like

(~Qx~(QYQZ~y~

(ForG, onlythe analogueof the secondterm appears).SinceG andS aretensor
fields on E andG is nondegenerate,using (3), onefinally arrivesat

S(QX,QY) (y) = ~{(r’,V~’X) Y + (i’,V~Y)X + V~’((X,Y)x’)}
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with t’(s) = y’(s)/ IIy’(s)II (liii = ~ The correspondinggeodesicequa-
tion ~ = 0 leadsto the nonlinearPDE

D , . D . 2,~ + ~-(II~i(s)II re(s)) = 0 (4)

for smoothcurvesy~in E, wherey = ay1/as, resp. = aye/at denotethe
tangentvectorfield alongthe curve ye(s) for fixed t, resp.for fixed s e S’ and
D/ôs resp. Diat the covariantderivativeof the Levi-Civita connectionof g
alongthe correspondingcurvesin M. The solutionsof (4) are the stationary
pointsof theactionfunctional

s = f dtG(yi) (~). (5)

As alreadymentioned,our aim is the descriptionof horizontalgeodesicson
E, i.e., thosewith (~‘t(s),y~(S))= 0 for all t ands e S’, becausethey project
ontogeodesicson U.

Observethat geodesicson E which start horizontal remainhorizontal for
all ‘time’, sincefrom the DiffS’-invarianceand the fact that all geodesicsare
‘constantlyparametrized’,one obtainsthe conservationlaws

a ,., a
~-~(IIy1II(yt,y~))= 0 = ~7(II~~II~

(Thesecondoneholdsfor horizontaly, only.) Moreover,additionalconserva-
tion laws follow from the invarianceof G under the left actionof isometries
of g, whereasuniquenessof V implies that the Q-lifts of isometricsof g map
geodesicsontogeodesics.

Since we have (at the moment) no existenceanduniquenesstheorem for
geodesicsonE in general,we shall give herea solution of (4) on E(S’,U~

3)for
the following initial values (R

0 > 0, se [0,2t]):

yo(s) = R0(0,coss,sins),

= (Xo,Rocoss,Rosins).

Ifwehadauniquenesstheoremfor geodesics,wecouldconcludethatthesolution
musthavethe sameinvarianceunderisometrics,i.e. rotationsaroundthe 1-axis,
as the initial data. So it would haveto be of the form

Yt(S) = (x(t), r(t) coss,r(t) sins). (6)

Taking (6), which alwaysgiveshorizontalgeodesics,as an ansatz,(4) reduces

to two ordinarydifferentialequationsfor x (t) andr (t), with solutions

r(t)=Ro(l+~t) for~0=0,
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2 2l+b x 2b 1
r(x) = R0 ~ ~ + 1 + b2) + 1 + b

2 for X
0 � 0,

with b = Ro/Xo,wherewe haveeliminatedt for x in the secondcaseto get an
impressionofthe shapeof the geodesicas a surfacein R

3.
Thisexampleshowsthatthereareplanecircularloopsy (0), y (1) eE (S’, R3),

suchthatthereexist(s)no/aunique/twogeodesic(s)oftheform (6) with ~ (0) =

Yo andy (1) = ~. In thethird case,only the solutionwith thesmallerabsolute
valueof b minimizesthe actionfunctional (5).

I shouldlike to thankE. Meinrenkenfor carefulreadingof the manuscript.
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